The phenomenon of vibration mode localization in periodic and near periodic structures has been well documented over the past four decades. In spite of its long history, and presence in a wide range of engineering structures, the approach to detect mode localization remains rather rudimentary in nature. The primary way is via a visual inspection of the mode shapes. For systems with complex geometry, the judgment of mode localization can become subjective as it would depend on visual ability and interpretation of the analyst. This paper suggests a numerical approach using the modal data to quantify mode localization by utilizing the modal assurance criterion (MAC) across all the modes due to changes in some system parameters. The proposed MAC localization factor (MACLF) gives a value between 0 and 1 and therefore gives an explicit value for the degree of mode localization. First-order sensitivity based approaches are proposed to reduce the computational effort. A two-degree-of-freedom system is first used to demonstrate the applicability of the proposed approach. The finite element method (FEM) was used to study two progressively complex systems, namely, a coupled two-cantilever beam system and an idealized turbine blade. Modal data is corrupted by random noise to simulate robustness when applying the MACLF to experimental data to quantify the degree of localization. Extensive numerical results have been given to illustrate the applicability of the proposed approach.
Introduction
Structures with uniform periodic spacing and repeated geometry are found in complex engineering systems. Examples include turbine blades, ship hull, aircraft fuselage, and oil pipelines with periodic supports [1] . The vibration characteristics of these periodic structures are highly sensitive to its mass distribution, stiffness distribution, and geometrical properties. Parametric uncertainties in structures which arise due to material defects, structural damage, or variations in material properties can break the symmetry of periodic structures. These uncertainties can drastically change and localize different vibration modes. Identification of severe mode localization in the design process can help prevent failure due to high cycle fatigue (HCF) in periodic structures such as turbine blades. Mode localizations are often directly detected by simple visual means, such as by looking at the animation of mode shapes given by a finite element software. Although a visual approach is physically intuitive, in some cases (e.g., complex geometry) the identification of mode localization can be subjective and may not be obvious. A numerical approach may provide a solution by removing or substantially reducing the need for a subjective opinion about the localization. The purpose of this paper is to suggest a numerical approach using the modal data toward achieving this objective. The proposed numerical approach can be used independently or in conjunction with the visual inspection of standard mode shape plots.
Numerous examples of linearly and rotationally periodic structures can be found in many Aerospace, Civil, and Mechanical engineering applications such as turbine blades, Aircraft fuselages, and oil pipe lines with periodic supports. Excitation of the localized vibration modes can lead to HCF which contributes to premature failure of the structure [2, 3] . HCF in turbine blades has been identified as the major cause of Aircraft Engine failures [3] . Perfect periodic structures are idealized cases while in reality most structures are only nearly periodic due to parametric uncertainties such as material imperfections or structural damage. As structures are not perfectly periodic, various authors have introduced intentional mistuning to reduce the effects of localization in turbine blades. Castanier and Pierre [2] discussed the importance of preventing HCF and summarized the design strategies used thus far to prevent extreme localization. An excellent review in Refs. [3, 4] can be referred for more details about intentional mistuning and reduction of the forced response of bladed disks. Blair [5] proposed disk modifications to find the configuration that would give the best mistuning pattern using the FEM. More recently, Chen and Shen [6] provided useful mathematical insights into linear mode localization in nearly cyclic symmetric rotors with mistune.
Early works on periodic or near-periodic structures used the transfer matrix method [7] . Soong and Bogdanoff [8] used the transfer matrix method to study the statistics of disordered spring-mass chains of N degrees-of-freedom. Lin and Yang [9] determined the random natural frequencies of a disordered periodic beam. A first-order perturbation procedure was used to derive expressions of variances of natural frequencies and normal modes for different cases of random bending stiffness and span lengths. The natural frequencies were found to be more sensitive to span variation than to bending stiffness fluctuation. Yang and Lin [10] also studied the mean and variance of the frequency response function of a disordered periodic beam using the transfer matrix method. Kissel [11, 12] , Lin and Cai [13] , Lin and Cai [14] , Xie and Ariaratnam [15] [16] [17] , and Ariaratnam and Xie [18] used transfer matrices in the context of randomly disordered periodic structures within the framework of wave propagation analysis under the assumption that spatial disorder is modeled as an ergodic random process. Fang [19] combined transfer matrix methods with the first-order second moment approach to analyze the natural frequencies and mode-shapes of uncertain beam structures. As an example a cantilever beam is considered and divided into five segments with third and fifth segments have uncertainties in mass and Young's modulus, respectively. A computational algorithm based on transfer matrices to compute natural frequencies of a fixed-fixed string with a set of intermediate random spring supports has been outlined by Mitchell and Moini [20] . Langley [21] used transfer matrices for vibration energy flow analysis of structures. It was shown that the transfer matrix which governs harmonic motion in a conservative system is K-unitary.
Although the transfer matrix method has been used successfully to understand the response statistics of randomly disordered periodic structures, it is inconvenient to predict mode localization using this approach. It can be extremely difficult and tedious to individually observe all the vibration modes when making a number of design changes to the system. The veering phenomena [22] , where the eigenvalues are plotted against a varying design parameter, can be used to detect the localized modes [2, 23] . A numerical approach to quantify mode veering has been proposed recently [24] , which largely eliminates the need to identify mode veering using the conventional visual approach. A method to numerically identify mode localization could provide similar benefit. For periodic structures, spatial mode localization is often associated with a pair of closely spaced natural frequencies. Therefore, by calculating the correlation of the modal vectors corresponding to system natural frequencies can provide a numerical way to identify mode localization. This paper proposes such a method based on the MAC [25] . This may help designers to easily obtain crucial information such as the degree of localization for all the vibration modes in the system. In Sec. 3, an approach to quantify mode localization using the MAC is proposed. A simple two degrees-of-freedom (2DOF) system is used to illustrate mode localization and a more complex coupled cantilever system is chosen to numerically study a linearly periodic system possessing distinct eigenvalues. To demonstrate a rotationally periodic system with repeated eigenvalues the bladed disk system was used as an example in Sec. 5. The proposed MACLF for the modes under consideration is shown using the coupled cantilever system and the bladed disk system. For large systems first-order sensitivity methods are utilized to calculate the eigenvalues and eigenvectors for variations in the system design parameters. The sensitivity of a bladed disk system to the changes in the mass and stiffness matrix was simulated by (a) varying the mass distribution and (b) varying the stiffness distribution. In both cases, the localization of vibration is observed. The MACLF is applied to the two numerical studies, and its effectiveness is verified by curve veering and inspection of the mode shapes. To simulate realistic experimental conditions, numerical noise is also added to the modal data and the sensitivity of MACLF to noise is shown in Sec. 5.3. A set of conclusions drawn based on this study is summarized in Sec. 6.
Background of Mode Veering
The general eigenvalue equation of a linear undamped system with N degrees-of-freedom is
where M and K 2 R NÂN are the mass and stiffness matrices, and k j and x j 2 R N are the eigenvalues and eigenvectors of the dynamic system. The subscript j ʦ [1, 2,…, N] represents the mode number of the system. Parametric uncertainties in a system can be modeled as functions of the parameter vector p, where p could be the material or geometrical properties of the physical system. A 2DOF system illustrated in Fig. 1 has only two possible modes, namely, the first mode where m 1 and m 2 oscillate in phase and the second mode where the masses oscillate out of phase.
Pierre [26] showed that weak coupling can localize the vibration modes. Vibrations can also be localized when the mass distribution in the system is disturbed. For example, assume that the system illustrated in Fig. 1 is undamped, and that m 1 ¼ 1 kg and m 2 ¼ m 1 . Then the generalized eigenvalue equation becomes
where
. The eigenvalues may be calculated as
where / ¼ a Figure 2 shows the change in eigenvalues and eigenvectors obtained by perturbing the mass matrix by in the presence of weak coupling (a 1 
). The closely spaced eigenvalues are shown to veer for a variation in . Figure 2 shows that a j , b j , and c j represent the eigenvectors of the 2DOF system for ¼ 0.25, 1, and 1.55, respectively. The vectors may be computed as
At the extreme ends of the curve veering region in Figure 2 (a) (a j and c j ), the vibrations are confined to one region, whereas the eigenvectors b j indicate evenly distributed vibrations. For a simple system, the eigenvectors can be examined to detect localization but for realistic finite element models such as a bladed disk system with 100,000 or more degrees-of-freedom, it would be impossible to quantify localization. For a more complex system, the changes in the mass and stiffness distribution can localize its modes with different levels of severity. Fox and Kapoor [27] derived a firstorder expression for the derivative of eigenvectors with distinct eigenvalues for undamped systems. Equivalent expressions for viscously damped [28] as well nonviscously [29] damped systems are also available in literature. For a variation of m 2 , the derivative of the mass and stiffness matrices for the 2DOF system illustrated in Fig. 2 is
which gives the derivative of Mode 1 as Fig. 1 The 2DOF spring-mass system Thus, the derivative of Mode 1 is very sensitive to the spacing eigenvalues k 1 and k 2 . Systems with closely spaced eigenvalues are known to veer and Pierre [26] showed that mode localization strongly corresponds to eigenvalue veering. In the case of periodic structures, the perfect symmetry yields repeated eigenvalues, for example k 1 ¼ k 2 . However, in the presence of parametric uncertainties the symmetry is broken and the repeating eigenvalues are split into distinct values [30] [31] [32] . This change in the eigenvector, due to some variation of the mass and stiffness matrices in the system, is what has to be quantified. In Sec. 3, we explain a possible way to achieve this.
Quantifying Localization Using the MAC
The MAC has been used extensively to compare experimental mode shapes to numerical mode shapes [22, 25, 33] . For the purpose of quantifying localization, the MAC is used to compare two numerical finite element models with identical number of degrees-of-freedom. The MAC is defined as
where i, j ʦ [1, 2,…, N] denote the mode numbers of the eigenvectors in a general system with N degrees-of-freedom. The nonlocalized eigenvectors obtained for ¼ 1 are denoted by b k . The proposed MACLF for Mode j of the N degrees-of-freedom system is
In parametric studies, one or more system properties are varied, and in such instances the numbering of the localized modes does not always correspond to the mode numbers of the system with nonlocalized modes. Complex dynamic systems such as coupled beam system in Sec. 4 and the bladed disk in Sec. 5 are prone to mode swapping. Physically pairing the corresponding modes are important for accurate correlation between modes to quantify localization, and hence the maximum MAC value is chosen to pair the correct modes.
In large systems, solving Eq. (1) each time to obtain the eigenvalues and eigenvectors for variations to the mass and stiffness matrices can be computationally expensive. By utilizing the well- Transactions of the ASME known first-order perturbation methods, eigenvalues and eigenvectors can be efficiently computed for the parametric study. Fox and Kapoor [27] developed a first-order expression to compute the derivatives of real eigenvalues and eigenvectors in systems with distinct eigenvalues. Mills-Curran [34] outlined a method to obtain the derivatives of repeated eigenvalues. Assuming that the derivatives of the eigenvalues are distinct, the derivatives of the eigenvectors may also be calculated [34] . By obtaining the eigenvalues, k k , and eigenvectors, w k , for the unperturbed system, the eigensystem for other parameters can be estimated using the sensitivities of the eigenvalues and eigenvectors. It should be noted that the perturbation approach suggested for the system with repeated modes work only when one parameter is varied [35] . The perturbed eigenvalues and eigenvectors for a parameter change of Dp are denoted byk k andŵ k , respectively, and are given bŷ
The MACLF for the jth Mode calculated using the sensitivity approach is denoted byMACLF j , and may be computed with reduced computational effort. In Sec. 4, a two coupled cantilever beam system is used as an example to quantify localization in systems with distinct eigenvalues. A more complex bladed disk system with repeated eigenvalues is shown in Sec. 5.
Localization in a Coupled Beam System
A finite element model of the two coupled cantilever beam system was developed for this numerical experiment. The uncertainty was introduced in the form of varying the density of only one beam and the rest of the system was kept unchanged. The boundary condition of the system was fixed at one end throughout the parametric study. The first 15 eigenvectors of system were considered. The mass density of a single beam was varied by 625% and the resulting eigenvalues are shown in Fig. 3 . The first three mode shapes and their sensitivity to variations in the mass density of a single beam are shown in Fig. 4 . The unperturbed system is considered to be perfect and the vibrations are evenly distributed as seen in Figs. 4(a)-4(c) . Varying the density by À2.5% changes the displacement of the two beams; one beam has notably less displacement than the other. This change in amplitude can be observed by comparing Figs. 4(a) and 4(d), 4(b) and 4(e), and 4(c) and 4(f). In the extreme case of a À25% variation in the mass density, the displacement of one beam is significantly lower than the other, this can be seen in Figs. 4(g)-4 (i). The eigenvalues of the coupled beam system shown in Fig. 3 veer with the variation in mass density. Comparing Figs. 3 and 4 strengthens the claim that eigenvalue veering is closely associated with mode localization. Figure 5 shows the MACLF for each mode for various mass density ratios using the method outlined in Eq. (9) . As an example, the first three modes of the coupled beam system with no density variation are shown in Figs. 4(a)-4(c) which shows an MACLF of one. Figure 4 also shows the mode shapes for density variations of À2.5% and À25% as examples of perturbed systems. From Fig. 5 , a density ratio of À2.5% gives an MACLF for the first three modes of approximately 0.75-0.85, indicating moderate localization. As an extreme case, the coupled beam system was perturbed with a À25% variation in density and MACLF values in Transactions of the ASME the range of 0.45-0.6 were observed for the first three modes, including high localization. The parametric study above solves the full eigenvalue problem to obtain the eigenvalues and eigenvectors for the different variations in density. The sensitivity approach could be utilized to efficiently compute the eigenvalues and eigenvectors of the subsequent states by solving Eq. (1) for the nonlocalized system. The method of Fox and Kapoor [27] was used to calculate the derivatives of the eigenvalues in Eq. (10) and the eigenvectors in Eq. (11) . The expression for eigenvalue sensitivity for a variation in the mass distribution p is
Thus, Fig. 3 can be obtained with reduced computational effort by using Eqs. (10) and (12) . The eigenvector derivatives of the coupled beam system, with respect to a mass parameter p, are
The eigenvectors obtained using the sensitivities are denoted bŷ w j . By usingŵ j and b k for the method outlined in Eq. (9), a plot similar to Fig. 5 can be obtained with reduced computational effort by using the sensitivity approach (m j % m k ).
Localization in Bladed Disks
For this numerical study, a finite element model of the idealized bladed disk was developed, using 8-noded solid brick elements with 12 sectors, 12 blades with 294,912 degrees-of-freedom. The number of degrees-of-freedom was kept constant and the bladed disk was modeled free-free. Two numerical studies were performed on the bladed disk system: varying the mass density of one blade within the range 625% and varying the stiffness of one blade by varying the Young's modulus within the range 610%.
The MACLF values are calculated and then evaluated by comparing to the eigenvalue veering regions and by visually inspecting the modes of vibration. A sensitivity-based approach is proposed to calculate the eigenvalues and eigenvectors with reduced computational effort.
Variability in the Mass
Distribution. The variation in the eigenvalues, as the mass density of a single blade varies by 625%, is shown in Fig. 6 . The eigenvalues were obtained by solving the full eigenvalue problem for each variation in mass density, although the eigenvalues could be computed using the sensitivity approach. Note that the bladed disk system possesses repeated eigenvalues when there is no variation in mass density, and hence the method of Fox and Kapoor [27] will not work. Mills-Curren [34] gave a method to calculate the eigenvalue and eigenvector derivatives of systems with repeated eigenvalues, provided the repeated eigenvalues possess distinct derivatives.
The MACLF plot for the variability in mass density is shown in Fig. 7 . The MACLF results should be compared to the curve veering regions in Fig. 6 , and with example mode shapes given in Figs. 8 and 9 . The curve veering regions always correspond to localized modes and in extreme curve veering the modes are also seen to be severely affected. For example, in Fig. 6 (e) the 15th Mode is seen to veer, and Fig. 7 shows that the MACLF has values of approximately 1, 0.45, and 0.25 for 0%, 2.5%, and 20% variations in the mass density. Mode 21, shown in Fig. 8 , has MACLF values of approximately 1, 0.35, and 0.15 for 0%, À10%, and À17.5% variations in the mass density. Hence, the MACLF accurately quantifies the degree of localization due to various perturbations in mass density. Observing the darker areas in Fig. 7 Fig . 11 The MACLF values for a bladed disk system for a variation in the stiffness of a single blade corresponding to MACLF values in the range of 0-0.1 shows that the vibrations are confined mostly to one blade. Examples of such extreme localization can be seen in Mode 31 for density ratios of À20% and À15% given in Fig. 10 . In Fig. 6(f) , the eigenvalue for Mode 31 rapidly veers for density ratio of 15% upward. Hence, MACLF values indicate different levels of localization, and for the purpose of quantifying localization they can be categorized into three groups. Vibration modes with minimum or no localization generates MACLF values around 0.7 to 1, modes with moderate localization always posses MACLF values around 0.4-0.6, and for any MACLF values below 0.3 the modes are severely localized.
Variability in the Stiffness
Distribution. This section focuses on disturbing the stiffness distribution by varying the Young's modulus of a single blade and then quantifying the localization in vibration modes using the MACLF. The first 36 modes of the system with a 610% variation in Young's modulus were considered for this study. The Taylor series and sensitivity expression can be utilized to compute the eigenvectors for the parametric study, using Eqs. (10) and (11), and then the MACLF is obtained using Eq. (9) . Figure 11 shows the MACLF plot for the 36 modes, and highlights that some of the modes are insensitive to localization due to parametric uncertainties. It can be observed from Figs. 7 and 11 that the nonlocalized modes 14, 23, 26, 27, and 28 are not sensitive to changes to the mass or stiffness distribution of the blades. A similar pattern of MACLF values generated by the previous study in Fig. 7 is also observed in Fig. 11 . The degree of localization can be categorized into three different cases. Case 1 with the MACLF values are between 0.6 and 1.0 indicating minimum or no localization, case 2 with MACLF between 0.2 and 0.6 indicating moderate localization, and case 3 with MACLF between 0 and 0.2 indicating strong localization. Figure 12 highlights the three different categories of localization.
5.3
The Effect of Noise in the Modal Data. The MACLF can also be applied to experimental data to quantify localization and to simulate a physical experiment, and the numerical modal data were corrupted with noise. As an example, the system with À10% stiffness reduction was corrupted with 10% and 20% noise. High levels of random noise are used to explore the robustness of the method. The "measured" eigenvectors arẽ
wherex j and b k are the eigenvectors of the nonperfect and perfect systems with the added noise. Here a is the percentage of added noise and b is the random vector generated from a zero mean, unit variance Gaussian distribution. Figure 13 values when noise is added. The addition of numerical noise does not significantly alter the MACLF values. Figure 13(d) compares the change in MACLF between the example with no noise, 10% noise, and 20% noise for a bladed disk system subjected to À10% reduction in Young's modulus of a single blade. The MACLF in the presence of moderate noise can predict the localized modes to a good degree of accuracy.
Conclusions
A numerical method has been proposed to identify and quantify mode localization in periodic structures. The MAC across all the modes due to the changes in some system parameters has been exploited. A value between 0 and 1 is given by the proposed MACLF, where 1 indicates no localization and 0 indicates the highest possible localization. Any value between 0 and 1 can be interpreted as the degree of mode localization. Only the modal data, that is the natural frequencies and mode shapes, are necessary to apply this approach. For purely numerical computation of MACLF, a first-order perturbation based approach using the modal sensitivities has been suggested.
The idea behind the proposed MACLF was explored using three numerical examples with progressive complexity, namely, a 2DOF discrete system, a coupled-beam system, and a bladed disk with 12 blades. The study was conducted by perturbing the mass or stiffness distribution, and the results were verified with eigenvalue veering and mode shape plots. For periodic structures, MACLF values in the range of 0.6-1.0 indicate minimal localization, and values in the ranges 0.6-0.2 and 0.0-0.2 indicate moderate and extreme localization, respectively. To simulate real experiments, the modal data were corrupted by random noise with various strengths. It was observed that the MACLF values still predict the localized modes with reasonable accuracy even for 20% noise. The investigation is restricted to undamped linear dynamical systems. In the future, the proposed method will be investigated for nonproportionally damped systems possessing complex modes.
